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Abstract. For a quasi-Hopf algebra H, a left //-comodulc algebra 03 and 
a right H-module coalgebra C we will characterize the category of Doi-Hopf 
modules c M(H)<g in terms of modules. We will also show that for an H- 
bicomodule algebra A and an H-bimodule coalgebra C the category of gener- 
alized Yetter-Drinfeld modules AyD(H) c is isomorphic to a certain category 
of Doi-Hopf modules. Using this isomorphism we will transport the prop- 
erties from the category of Doi-Hopf modules to the category of generalized 
Yetter-Drinfeld modules. 



Introduction 

Recall that the defining axioms for a quasi-bialgebra H are the same as for a 
bialgebra, with the coassociativity of the comultiplication replaced by a weaker 
property called quasi-coassociativity: the comultiplication is coassociative up to 
conjugation by an invertible element $ 6 H ® H eg) H , called the reassociator. 
There are important differences with ordinary quasi-bialgebras: the definition of 
a quasi-bialgebra is not selfdual, and we cannot consider comodules over quasi- 
bialgebras, since they are not coassociative coalgebras. However, the category of 
(left or right) modules over a quasi-bialgebra is a monoidal category. 
Using this categorical point of view, the category of relative Hopf modules has been 
introduced and studied in [H] . A right -ff-module coalgebra C is a coalgebra in the 
monoidal category Mh, and a left [C, i/]-Hopf module is a left C-comodule in the 
monoidal category Mh- A generalization of this concept was presented in re- 
placing the right iJ-action by an action of a left .ff-comodule algebra, we can define 
the notion of Doi-Hopf module over a quasi-bialgebra. At this point, we have to 
mention that there is a phylosophical problem with the introduction of iJ-comodule 
algebras: we cannot introduce them as algebras in the category of iJ-comodules, 
since this category does not exist, as we mentioned above. However, a formal defi- 
nition of .ff-comodule (and .ff-bicomodule) algebra was given by Hausser and Nill 
in A more conceptual definition has been proposed in [3]. If 21 is an asso- 

ciative algebra then the category of (21 <g> H, 2t)-bimodules is monoidal. Moreover, 
21 <g> H has a coalgebra structure within this monoidal category "compatible" with 
the unit element la <g> 1h if and only if 21 is a right .ff-comodule algebra (for the 
complete statement see Proposition 11.21 below). Of course, a similar result holds 
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for a left if-comodule algebra (see Proposition ll.3|) . Moreover, if H is a quasi- Hopf 
algebra then any ii/-bicomodulc algebra can be viewed in two different (but twist 
equivalent) ways as a left (right) iJ-comodule algebra. 

The aim of this paper is to study the category of Doi-Hopf modules over a quasi- 
Hopf algebra H, and its connections to the category of Yetter-Drinfeld modules. 
If H is a quasi-bialgebra, 23 a left -ff-comodule algebra and C a right if-module 
coalgebra then 03 Cg) C is a 03-coring (this means a coalgebra in the monoidal category 
of 05-bimodulcs) and the category of right-left (H, 05, C)-Hopf modules, denoted by 
c M(H)rg, is isomorphic to the category of right comodules over the coring 03 <g> C, 
conform Theorem 5.4]. In particular, since 03 ® C is flat as a left 05-module we 
obtain that c Ai(H)<s is a Grothendieck category. 

It was shown in Proposition 5.2] that the category c A4(H)rg is isomorphic to 
the category of right modules over the generalized smash product C**<05, if C is 
finite dimensional. In Section[3we look at the case where C is infinite dimensional. 
Following the methods developed in |51 llllH^) . we will present two characterizations 
of the category of Doi-Hopf modules c Ai(H)<s- We first introduce the notion of 
rational (right) C**<05-module, and then we will show that the category c A4(H)<s 
is isomorphic to Ka,t(Ai c ,^^s S ), the category of rational (right) C*^<03-modules. 
We notice that, in the coassociative case, the notion of rational (right) C**<03- 
module reduces to the notion of right C**< 03-module which is rational as a right 
C*-module. Secondly, we will show that Rat(A4 c .^<< 8 ) is equal to <Jc*X<& [C®2$], 
the smallest closed subcategory of M-c'X'S containing C ® 05 (see Theorem 12. 6|) . 
In this way we recover that c A4(H)<g is a Grothendieck category, a fortiori with 
enough injective objects. We will also introduce a generalized version of Koppincn's 
smash product relate it to the generalized smash product, and characterize the 
category of Doi-Hopf modules as the full subcategory of modules over the Koppinen 
smash product, consisting of rational modules. 

In Section |31 we will generalize a result from [Hj. If H is a quasi-Hopf algebra, then 
an iJ-bicomodule algebra A can be viewed in two different, but twist equivalent, 
ways as a right H° p (g> H-comodule algebra. To this end, we first prove that any left 
.ff-comodule algebra 03 can be turned into a right i? op -comodule algebra. So, by 
this correspondence, the two (twist equivalent) left i7<g>i/ op -comodule algebra struc- 
tures on A obtained in 7^ provide two (twist equivalent) right H° p ® i?-comodule 
algebra structures on A, which we will denote by A 1 and A 2 . If C is an i7-bimodulc 
coalgebra (that is, a coalgebra in the monoidal category of iJ-bimodules), then C 
becomes in a natural way a left H° p (£> i7-module coalgebra, thus it makes sense 
to consider the Hopf module category A 2A4(H op ® H) c . The main result of Sec- 
tion asserts that the category of generalized left-right Ycttcr-Drinfeld modules 
A yD(H) c is isomorphic to K iM{H op ® H) c , and also to A i M(H op ® H) c . Using 
the first isomorphism, we will characterize &yD(H) as a category of comodules 
over a coring. In Section EOl we will characterize the category of Yetter-Drinfeld 
modules as a category of modules. 

1. Preliminary results 

1.1. Quasi-Hopf algebras. We work over a commutative field k. All algebras, 
linear spaces etc. will be over k; unadorned (g> means (E>k- Following Drinfeld |12j . 
a quasi-bialgebra is a fourtuple (H, A, e, $), where H is an associative algebra with 
unit, $ is an invertible element in H®H®H, and A : H — > H ® H and e : H — > k 
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are algebra homomorphisms satisfying the identities 

(1.1) (id® A)(A(/i)) = $(A®id)(A(h))$- 1 , 

(1.2) (id ® e)(A(h)) = h, (e ® id)(A(h)) = h, 

for all h £ H; Q has to be a normalized 3-cocycle, in the sense that 

(1.3) (1 ® <g> A (8 id)($)($ ® 1) = (id ® id ® A)($)(A ® id <g) id)($), 

(1.4) (id® £®id)(<I>) = 

The map A is called the coproduct or the comultiplication, e the counit and $ the 
reassociator. As for Hopf algebras [2U| we denote A(h) — hi ® h 2 , but since A 
is only quasi-coassociative we adopt the further convention (summation implicitely 
understood): 

(A®id)(A(h)) = h (1A) ®h {1 . 2) ®h 2 , (id® A)(A(ft)) = hi ® fy 2 ,i) ®h (2 . 2) , 

for all h £ H . We will denote the tensor components of $ by capital letters, and 
those of $ _1 by small letters, namely 

$ = X 1 ® X 2 ® X 3 = T 1 ® T 2 ® T 3 = V 1 ® V 2 ® V 3 = ■ ■ ■ 

= x 1 ® x 2 ® x 3 = t 1 ® t 2 ® t 3 — v 1 ® v 2 ® v 3 = ■ ■ ■ 

A quasi-Hopf algebra is a quasi-bialgebra H equipped with an anti-automorphism 
S of the algebra H and elements a, (3 £ H such that 

(1.5) S(hi)ah 2 = e(h)a and hi{3S(h 2 ) = e(h)(3, 

(1.6) X 1 (3S(X 2 )aX 3 = 1 and S(x 1 )ax 2 (3S(x 3 ) = 1., 
for all h £ H. 

The antipode of a quasi-Hopf algebra is determined uniquely up to a transformation 
a ^ Ua, /3 h-> (3U-\ S(h) h-> US(h)U-\ with U £ H invertible. The axioms 
imply that s(a)s(/3) = 1, so, by rescaling a and (3, we may assume without loss of 
generality that e(a) — e((3) = 1 and e o S = e. The identities (|1.2I1.4|) also imply 
that 

(e®id® id)($) = (id ®id®e)($) = l® 1. 

If H = (H, A, e, S, a, (3) is a quasi-bialgebra or a quasi-Hopf algebra then H op , 
H cop and H op ' cop are also quasi-bialgebras (respectively quasi-Hopf algebras), where 
the superscript "op" means opposite multiplication and "cop" means opposite co- 
multiplication. The structure maps are obtained by putting $ op = ( E >_1 , 'I'cop = 

($-l)im $opcop = $321^ = = (5 opcop )-l = 5-1, aop = S'\P), 

Pop = S^ 1 (a), a cop = S~ 1 (a), [3 cov = S^ 1 (f3), a op ,co P = (3 and /3 op ,co P = a. 
The definition of a quasi-bialgebra H is designed in such a way that the categories of 
left and right representations over H are monoidal (see (151 ITS- for the terminology). 
Let (H, A, e, $) be a quasi-bialgebra. For are left ( resp. right) if-modules U, V, W, 
the associativity constraints au,v,W (resp. &u,v,w) '■ (U ® V) ® W — > U ® (V ® W) 
are given by the formulas 

au,v,w((u ® v) ® w) = $ • (u ® (v ® w)); 

&u,v,w((u ® v) ® w) = (u ® (v ® w)) ■ 
Next we recall that the definition of a quasi-bialgebra or quasi-Hopf algebra is 
"twist covariant" in the following sense. An invertible element F £ H ® H is 
called a gauge transformation or twist if (e ® id)(F) = (id ® e)(F) = 1. If H is 
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a quasi-bialgebra or a quasi-Hopf algebra and F — F 1 ® F 2 E H ® H is a gauge 
transformation with inverse F^ 1 = G 1 ® G 2 , then we can define a new quasi- 
bialgebra (respectively quasi-Hopf algebra) Hp by keeping the multiplication, unit, 
counit (and antipode in the case of a quasi-Hopf algebra) of H and replacing the 
comultiplication, reassociator and the elements a and (3 by 

(1.7) A F (h) = FA(h)F-\ 

(1.8) $ F = (l®F)(id® A)(F)$(A®id)(F~ 1 )(F- 1 ® 1), 

(1.9) a/r = S , (G 1 )aG 2 , = F 1 (3S(F 2 ). 

It is well-known that the antipode of a Hopf algebra is an anti-coalgebra morphism. 
For a quasi-Hopf algebra, we have the following statement: there exists a gauge 
transformation / G H ® H such that 

(1.10) /A(S , (/i))/" 1 = (5® S)(A cop (/i)), for all h G 

The element / can be computed explicitly. First set 

A 1 ® ^ 2 ® A 3 ® ^ 4 = ($ ® 1)(A ® id ® zd)($ _1 ), 
B 1 ® B 2 ® B 3 ® B 4 = (A ® id® id)($)($ _1 ® 1), 

and then define 7, (5 G i? ® if by 

7 = 5(A 2 )a^ 3 ® 5(i4 x )oA 4 and 6 = B 1 (3S{B i ) ® B 2 (3S(B 3 ). 

Then / and / _1 are given by the formulae 

(1.11) / = {S®S)(A cop (x 1 ))~/A(x 2 f3S(x 3 )), 

(1.12) r 1 = A{S{x 1 )ax 2 )5{S®S){A cop (x 3 )). 

Furthermore the corresponding twisted reassociator (see l|1.8fl ) is given by 

(1.13) $/ = {S®S®S)(X 3 ®X 2 ®X 1 ). 

1.2. Comodule and bicomodule algebras. A formal definition of comodule al- 
gebras over a quasi-bialgebra was given by Hausser and Nill | 14| . 

Definition 1.1. Let if be a quasi-bialgebra. A right if -comodule algebra is a 
unital associative algebra 21 together with an algebra morphism p : 21 — > 21 ® H and 
an invertible element $ p G 21 ® If ® if such that: 



(1.14) $ p (p ® id)(p(a)) = (id ® A)(p(a))$ p , for all a G 21, 
(la ® ®)(id ® A ® id)($ p )($ p ® 1 H ) 

(1.15) = [id® id® A)($ p )(p® id® id)(i> p ), 

(1.16) (id ® e) o p = id, 

(1.17) (id ® e ® id)($ p ) = (id ® id ® e)($ p ) = l a ® Iff- 



In a similar way, a left ff-comodule algebra is a unital associative algebra 2$ together 
with an algebra morphism A : 03 — ► ff®25 and an invertible element $a G if®if®S 
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such that the following relations hold: 

(1.18) (id®A)(A(b))$A = *A(A®id)(A(f>)) 1 V fa e 95, 
(Iff ® ®\)(id <8> A ® id)($ A )($ ® 1®) 

(1.19) = {id® id® A)($ A )(A ® id® id) ($a), 

(1.20) (e®id)oA = id, 

(1.21) (id <g) £ <g) id)($ A ) = (e <8 id <g> id)($ A ) = Iff ® la- 
Observe that if is a left and right £T-comodule algebra: take p = A = A, <& p = 
*a = 

If (03, A, <i> A ) is a left iT-comodule algebra then 

- (03, A o t h ,<b, ($ A -1 ) 321 ) is a right # cop -comodule algebra; 

- (03 op , A o th,»,$a 2X ) is a right #°P' co P-comodule algebra; 

- (03 op , A, $ A " 1 ') is a left fPP-comodule algebra, 

and vice versa. tx } y ■ X ®Y ^ Y ® X is the switch map mapping x ® y to y ® x. 
From [TJ], we recall the notion of twist equivalence for the coaction on a right 
iT-comodule algebra (21, p, $> p ): if V E 21 (8 i? is an invertible element such that 

(1.22) (*d*<8>e)(V) = l a 

then we can construct a new right iT-comodule algebra (21, p' , <& p >) with 

(1.23) p'(a) =Yp{a)W- 1 
and 

(1.24) = (id a ® A)(V)* p (p <8 idff)^- 1 )^" 1 ® l ff ). 

We say that (21, p, <& p ) and (21, /o',$p) are twist equivalent right iT-comodule alge- 
bras. 

We obviously have a similar notion for left iT-comodule algebras. More precisely, if 
(03, A, $ A ) is a left iT-comodule algebra and U E H®*& is an invertible element such 
that (e ® idgs)(U) = 1<b then we have a new left iT-comodule algebra (03, A', $ A ') 
with A'(fa) = UA(fa)Hr\ for all fa £ 03, and 

$A' = (Iff ® U)(idff ® A)(U)$ A (A ® id^lT 1 . 

(03, A, $ A ) and (03, A', $ A ) are called twist equivalent. 

For a right ii-comodule algebra (21, p, $ p ) we will use the following Sweedler-type 
notation, for any a E 21. 

p(a) = d(o) ® a (1) , (p <g id) 0(a)) = a (0:0 > ® a<o,i> ® a (i> ctc - 

Similarly, for a left fT-comodule algebra (03, A, <& A ), if fa E 03, we adopt the following 
notation: 

A(fa) = fa[_i] ® fa [0 ], (id® A) (A (fa)) = fa[_ij ® fa [0 ,-i] ® fap.o] etc. 
In analogy with the notation for the reassociator $ of if, we will write 
$ p = X* ® X 2 p ® X 3 p = Y x p ®Y 2 ®Y f ? = --- 

and 

= x\ ® x 2 p ® x p = y\ ® y 2 p ® f p = ■ ■ ■ . 
We use a similar notation for the element $ A of a left iT-comodule algebra 03. 
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If H is an associative bialgebra and 21 is an ordinary right P-comodule algebra, 
then 21 £g> H is a coalgebra in the monoidal category of 2l-bimodules. The quasi- 
bialgebra analog of this property was given in [3]. Let H be a quasi-bialgebra and 
21 a unital associative algebra. We define by <&®hM.<& the category of 2l-bimodules 
and (P, 2l)-bimodules M such that h ■ (a • m) = a ■ (h ■ m), for all a G 21, h G P and 
m G M. Morphisms are left H- linear maps which are also 2l-bimodule maps. It is 
not hard to see that %.<g,H-M.sn is a monoidal category. The tensor product is ®a 
and for any two objects M,N G a®ff A^a, M ®a N is an object of a®ff A4a via 

(a <g> h) ■ (m CS>a n) ■ a' = a • (hi ■ m) h 2 ■ n ■ a' 

for all m G M, n G AT, a, a' G 21, and h G H . The associativity constraints are 
given by 

&m,n,p ■ ( M ®a N) ® a P -> M ® a (A 7 ®a P), 

a M N P ((m ®a n) ^ap)^! 1 '™ ®a (X 2 • n ®a A" 3 ■ p) ; 

the unit object is 21 viewed as a trivial left P-module, and the left and right unit 
constraints are the usual ones. Now, the definition of a comodule algebra in terms 
of monoidal categories can be restated as follows. 

Proposition 1.2. ( 3, Proposition 3.8]) Let H be a quasi-bialgebra and 21 an al- 
gebra, and view 21 (g> H in the canonical way as an object in a®ff -M- There is a 
bijective correspondence between coalgebra structures (21 <S> H, A, s) in the monoidal 
category a^ffA^a such that A(la ® Iff) is invertible and e(la <8> l_ff) = la; and 
right H-comodule algebra structures on 21. 

A similar result holds for a left P-comodule algebra 03. Denote by <bM<s^h the 
category whose objects are 03-bimodules and (03, P)-bimodules M such that (m ■ 
b) ■ h = (m ■ h) ■ b for all m G M, b G 03 and h G P. Morphisms are right P-linear 
maps which are also 03-bimodule maps. We can easily check that sA^s^ff is a 
monoidal category with tensor product <8>b given via A, this means 

b • (m ®<b n) - (b' ® ft) := b ■ m • /ii ®<b (n • fo) • f>' 

for all M, A 7 G <bM<b®h, m G M, n G A 7 , b, b' G 23 and h e H. The associativity 
constraints are given by 

fikjv.p : ( M ®as A 7 ") ®<b P — > M ®<b (N ®<b P), 

^M,jv,p(( m ®» ft) ®s p) — m ■ x 1 ®gj (n • x 2 ®<b p • a: 3 ), 

the unit object is 03 viewed as a right P-module via e, and the left and right unit 
constraints are the usual ones. 

Proposition 1.3. Let H be a quasi-bialgebra and 03 an algebra, and view 03 (£> H 
in the canonical way as an object in A^agff. There is a bijective correspondence 
between coalgebra structures (03 ® P, A, e) in the monoidal category <bM<b®h such 
that A(loj ® Iff) is invertible and e(l<8 ® Iff) = 1<b, and left H-comodule algebra 
structures on 03. 

Proof. Since the proof is similar to the one given in (3J Proposition 3.8], we restrict 
ourselves to a description of the correspondence. 

Suppose that (03 ® H, A, e) is a coalgebra in <bA4<b®h such that A(1«b ® Iff) is 
invertible and £(lgs ® Iff) = lgj. Write 

A(laj Iff) = (Is ® ®<b (X| ® X 2 ), 
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and consider $ A = X{ ® X^ ® X|. Define A : -»if ® 03 by 

A(6) = r<8, H (b • (1<b ® 1^)), 
for all b S 03. Then (05, A, $a) is a left ii-comodule algebra. 

Conversely, if (03, A, $a) is a left if -comodule algebra then 03 (g) if G sb-A4sb®h via 

t> • (ft' <g> /i) ■ (b" <g /i') = b [0 ]b'b" ® b hl] M'. 

Moreover, Q3®ff is a coalgebra in ib-M©®//, with comultiplication and counit given 
by the formulas 

A(b ®h) = (1 B <g> Xa/ii) ®as (^ A b ® -X A M, 
e(b ®h) = e(h)b, 

for all b € 03 and h E H. □ 

Let 03 be a left ii-comodule algebra, and consider the elements p\ and q\ in if ® 03 
given by the following formulas: 

(1.25) p A =pl®^ = ^2 5 -l ( ^l /3) ^^3 ) ^ = 5(51)052 _ 

Then we have the following formulas, for all b £ 03 (see [141): 

(1.26) A(b [0] )pA[5- 1 (t'[-i]) ® Is] = P\[1h ® f>], 

(1.27) [S(f> M] ) ® lif]gAA(b [0] ) = [1 ® b]?A, 

(1.28) A(^)pa[5- x (9a) ® 1b] = Iff ® 1®, 

(1.29) [S(p A ) ® 1b]&A(f£) = i H ®i ffl , 
^(Mb ® A) (p A ) (Is ®Pa) 

(1.30) = (A ® W !8 )(A(X|)pa)[5- 1 (^a3 2 ) ® S-^Xlg 1 ) ® Is], 
(Iff ® 9A)(«dff ® A)((?a)$a 

(1.31) = [5(^)0 5(i A )®ls][/®ls](A®^s)(gAA(i|)). 

Bicomodule algebras where introduced by Hausser and Nill in ^3] , under the name 
"quasi-commuting pair of if-coactions" . 

Definition 1.4. Let if be a quasi-bialgebra. An if-bicomodule algebra A is a 
quintuple (A, A, p, $a, ®p, ^A,p), where A and p are left and right ii-coactions on A, 
and where $ A 6 H®H®A, <& p e A (g> if ® if and $a, p 6 ii ® A ® ii are invertible 
elements, such that 

- (A, A, $a) is a left if -comodule algebra, 

- (A, p, <J> p ) is a right if-comodule algebra, 

- the following compatibility relations hold, for all u £ A: 

(1.32) $ A ,p(A ® id)(p(u)) = (id ® p)(\(u))$x, P 
(Iff ® $\, P )(id ® A <g> id)($ A)P )($A <g> 1^) 

(1.33) = (irf®id® / 9)($A)(A®id(g)irf)($A, ( 9) 
(Iff ® $p)(id ®p® id)(®\, p )($\,p ® 1h) 

(1.34) = (id® id® A)($ Ai(0 )(A ® id ® 

It was pointed out in |14j that the following additional relations hold in an if- 
bicomodule algebra A: 

(id H ® id A ® e)($ A ,p) = Iff ® 1a, (e ® «<4 ® id H )(^\, P ) = 1a ® Iff- 
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As a first example, take A = H,X = p = A and <£>a = "^p = 3?A,p = 

Let (A, A, p, <I>a, ^p, $A,p) be an ii-bicomodule algebra; it is not hard to show that 

- (A, por, Xot, (&- 1 ) 321 , ($ A " 1 ) 321 , (^p) 321 ) is an # co P-bicomodule algebra, 

- (A°p, p o r, A o r, $ 32 \ $f \ $ 32 *) is an ff°P< co P-bicomodule algebra, 

- (A op , A, p, is an i? op -bicomodule algebra. 
We will use the following notation: 

$a,p - e 1 ® e 2 <g> e 3 = e 1 <g> e 2 <g> e 3 ; 
$ a.p = 6,1 ® 6)2 ® 6)3 = ^ ® # 2 ® 

Let iJ be a quasi-Hopf algebra and A an i/-bicomodule algebra. We define two left 
H ® iJ op -coactions Ai, A 2 : A — >• (if <g iT 5 ?) ® A on A, as follows: 

Ai(u) = (u<o> [ _ 1] ® S _1 (u<t>)) ® u<o> [0] , 

A 2 (w) = («[_!] <g> S'" 1 (u [0]<1> )) ®W[o] <0 >, 

for all u G A. We also consider the following elements $Ai, < £ > a 2 G (-ff ® -ff op ) <g> 
(i? (g) iJ°P) (g) A: 

$ Al = (e 1 A > i(^) [ _ 1]l ®5- 1 (£ 3 .g 2 )) 

® (ef_ 1] ^(^) hl]2 ® s-\& 3 xy)) ® ef 0] ^(^) [0]) 

*a 2 = (n ® 5- 1 (0 3 y 3 (f 3 ) <1>23 2 )) 

® (Wa 2 ^ 1 (^ 2 <1> y 2 (r 3 ) <1>l3 1 )) gi ^ >yp(n 3 )<o>. 

It was proved in 7 that (A, Ai,3>Ai) and (A, A2,$2) are twist equivalent left 
H ® _ff op -comodule algebras. In particular, if H is a quasi-Hopf algebra then the 
notion of If-bicomodule algebra can be restated in terms of monoidal categories. 
In Section |31 we will see that A can be also viewed in two twist equivalent ways as 
a right H° p (g> iJ-comodule algebra. 

2. DOI-HOPF MODULES AND RATIONALITY PROPERTIES 

2.1. Doi-Hopf modules. The category of left (right) modules over a quasi-bialgebra 
is monoidal. A coalgebra in hA4 (resp. M.h) is called a left (right) 7J-module 
coalgebra. Thus a left ii-module coalgebra is a left 7J-module C together with a 
comultiplication A : C C <Z> C and a counit e: C — > k such that 

(2.1) $(A<g>zd c )(A(c)) = {id c ® A) (A(c)), 

(2.2) 4(/l • c) = /ll • Cl (gi /l 2 • C2, 

(2.3) e(h ■ c) = e{h)e{c), 

for all c £ C and h ^ H. Similarly, a right iJ-module coalgebra C is a right if- 
module together with a comultiplication 4 : C — > C ® C and a counit e : C — > fc, 
satisfying the following relations 

(2.4) (4® id c )(4(c))$" 1 = (»<fc ® A)(4(c)), 

(2.5) 4(c- /l) = Cl • /li (g) C2 • h 2 , 

(2.6) e(c-/i) = e(c)e(/i), 
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for all c G C and h G H . Here we used the S weedier- type notation 

A(c) = ci ® C2, (A ® idc)(A(c)) = c^j/j <g> cq^) ® C2 etc. 

It is easy to see that a left f/-module coalgebra C is in a natural way a right 
if op -module coalgebra (and vice versa). 

Let H be a quasi-bialgebra and C a right f/-module coalgebra. A left [C, ii]-Hopf 
module is a left C-comodule in the monoidal category Mh- This definition was 
generalized in 0. 

Definition 2.1. Let if be a quasi-bialgebra over a field k, C a right ii-module 
coalgebra and (2$, A, $a) a left .ff-comodule algebra. A right-left (H, 23, C)-Hopf 
module (or Doi-Hopf module) is a /c-module M, with the following additional struc- 
ture: M is right 23-module (the right action of b on to is denoted by m ■ b), and we 
have a fc-linear map Am : M — > C <E> M, such that the following relations hold, for 
all m G M and b G 03: 

(2.7) (A®W M )(A M (m)) = (zd c ® A M )(A Af (m))$ A , 

(2.8) (£®^m)(Am(w)) =m, 

(2.9) A M (m • b) = • b[_i] <g>TO{ } • b[o]- 

As usual, we use the Sweedler-type notation Am(to) = m/_n (Sm^y. \M(H)<g, is 
the category of right-left (H, 23, C)-Hopf modules and right 23-linear, left C-colinear 
fc-linear maps. 

Let M be a right 23-module; then C ® M is a right-left (if, 23, C)-Hopf module, 
with structure maps given by the following formulas 

(2.10) (c <g> to) • b = c ■ b[_i] ® m • b[ ], 

(2.11) Ac®m(c ® m) = Ci ■ ^a (g> C2 ■ Ja ® m ' ^A: 

for all c G C, b G 23 and m G M. We obtain a functor T = C <8> • : A4<b — » 
A4(H)<g. The functor sends a morphism # to idc <8> In particular, C ® 25 G 
c A4(H)<s, via the structure maps 

(c (g> b) • b' = c • b{_!j ® bb[ ] , 

Ac®!b(c® b) = Ci - f A ® C2 "5a ® fa5 A; 

for all c G C and b, b' G 23. 

The functor J- has a left and a right adjoint, so it is an exact functor. 

Proposition 2.2. Let H be a quasi-bialgebra, 23 a left H-comodule algebra and C 
a right H -module coalgebra. Then the functor J- = C <g> • is a right adjoint of the 
forgetful functor 

C U : c M{H)<s -> M<s, 
and a left adjoint of the functor 

Homg(C®23,.) : c M{H)<s ->■ M* 

defined as follows. For M G c M(H)<s, Homg(C ® 23, M) is a rig/it ^B-module via 
the formula 

[f] ■ b)(c® b') = i](c® bb'), 
for all rj G Homg(C <g> 23, M), c G C and b, b' G 23. For a morphism n : M — ► JV 
m c 7W(iJ)i8, we tei 

Homg(C (8 23, k)(i>) = kou, 
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for all v G Homg(C* <g> 05, M). 

Proof. Let M be a right-left (H, 03, C)-Hopf module and N a right 03-module. 
Define 

£m,2V : Homg^Af, AT) -» Homg(M,C® AQ, Cm.aKOM = m { _ 1} ® <^(m {0 }), 

for all <; G Hom.g$(M, TV) and m G M, and 

Cjw,jv : Homg(M,C® JV) -» Hom B (M, JV), Cm,Jv(x)M = fe ® idjv)(x(rn)), 

for all x G Homg (M,C ® TV) and m £ M. It is not hard to see that £a/.at and 
Cm,w are well-defined natural transformations that are inverse to each other. 
For M G M<s and iV G c M(H)<s, we define 

e M ,Ar : Homg (C <g> M, N) -> Horns (M, Homg (C <g> 23, AT)) 

by 

Cm,jv(OM( c ® & ) = ?'(c«im- b) 

and 

C' MiN : Horns (M, Homg (C <g> 03, AT)) — » Homg (C ® M, TV) 

by 

Cm,jv(xO(c ® m) = x'H( c ® 1( b), 
for all G Homg(C <g> M, AT), x' G Ho m<s (M, Homg{C <g> 03, AT)), m G M , c G C 
and b G 03. Then £' and £' are well-defined natural transformations that are inverse 
to each other. □ 

2.2. Doi-Hopf modules and comodules over a coring. It was proved in |3] 
that the category of right-left Doi-Hopf modules is isomorphic to the category of 
right comodules over a suitable 03-coring. For a general treatment of the theory of 
corings, we refer to 

Let R be a ring with unit. An i?-coring C is an i?-bimodulc together with two R- 
bimodule maps Ac : C — > C®rC and £q '■ C R such that the usual coassociativity 
and counit properties hold. A right C-comodule is a right i?-module together with 
a right R- linear map p r M : M — > M ®r C such that 

(PM ®R id c) ° Pm = {idiM ®r A c ) o p r M , 

(id M ®r ec) ° Pm = id M- 

A map h ; M — > AT between two right C-comodules is called right C-colinear if h is 
right i?-linear and p r N o h — (H 0^ idc) ° Pm- wm be the category of right C- 
comodules and right C-comodule maps. It is well-known that A4 C is a Grothendieck 
category (in particular with enough injective objects) if C is flat as a left i?-module. 
The category C M. of left C-comodules and left C-comodule maps can be introduced 
in a similar way. 

Let H be a quasi-bialgebra, (03, A, $x) a left -ff-comodule algebra and C a right 
-ff-module coalgebra. It was proved in [3] that C = 03 <£> C is a 03-coring. More 
precisely, C is a 03-bimodule via 

b • (b' ® c) = bb' ® c and (b <g> c) • b' = bb{ 0] ® c - E>{_i], 

and the comultiplication and counit are given by 

A c (b <8) c) = (bx 3 x <g> C2 • a*) ®<b (1® ® cj_ • £ A ) 
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and 

e c (c® b) = e(c)b, 

for all b, b' G 23 and c G C. Then we have an isomorphism of categories (see 
Theorem 5.4]) 

c M(H)<b ^M c . 

C is free, and therefore flat, as a left 23-module, and we conclude that c M(H)<s = 
M c is a Grothendieck category, and has therefore enough injectives (see ^3 Prop. 
1.2] or 2, 18.14]. 

2.3. Doi-Hopf modules and the generalized smash product. We now want 
to discuss when the category of Doi-Hopf modules is isomorphic to a module cat- 
egory. In the case where C is finite dimensional, this was already done in 
Proposition 5.2]. Let us explain this more precisely. 

Let H be a quasi-bialgebra. A left ii-module algebra A is an algebra in the monoidal 
category h-M. This means that A is a left ii- module with a multiplication A® A — > 
A and a unit element 1a satisfying the following conditions: 

(2.12) (aa')a" = (X 1 ■ a)[(X 2 ■ a')(X 3 ■ a")}, 

(2.13) h-(aa') = (hi-a)(h 2 -a'), 

(2.14) h-l A = e{h)l A , 

for all a, a', a" G A and h G H. Following we can define the generalized 
smash product of a left H- module algebra A and a left -ff-comodule algebra 23: 
Ax'R = A ® B as a vector space, with multiplication 

(«K6)(«'Kt)') = (x{ • a)(5jb[_i] • a')K^b [0] b', 

for all a, a' G A, b, b' G 23. A^<03 is an associative algebra with unit IaXIb- 
The linear dual C* of a right iJ-module coalgebra C is a left iJ-modulc algebra. 
The multiplication is the convolution, the unit is e, and the left 7i-action is given 
by the formula (h ■ c*)(c) = c*(c • h), for all h G H, c* e C* and c G C. So we 
can consider the generalized smash product algebra C**<2J. Moreover, we have a 
functor 

: c M(H)<s -> M C , K2J , <S(M) = A/, 
with right C*^<Q3-action given by 

m • (c*^<b) = c*(m{_!})m{ } • b, 

for all m € M, c* £ C* and b G 23. If C is finite dimensional, then © is an 
isomorphism of categories (see |3]). 

Now let C be infinite dimensional. We will show that the category c M.{H)<% is 
isomorphic to the category crc*X<&[C ® 23]. Recall that if is a Grothendieck 
category and M is an object of A then cr^[M] is the class of all objects N G A 
which are subgenerated by M, that is, N is a subobject of a quotient of directs sums 
of copies of M. It is well-known that cr^fM] is the smallest closed subcategory of 
A containing M, and that for any closed subcategory V of A there exists an object 
M of A such that V — a^[M]. In particular, er_4[Af] is a Grothendieck category, 
and has a fortiori enough injective objects. For more detail, the reader is invited 
to consult pmiST] . 
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Let H be a quasi-bialgebra, C a right iJ-module coalgebra and 25 a left iJ-comodule 
coalgebra. For a right C*^<25-modulc M we define the linear maps 

Hu ■■ M -> Hom(C* ® 58, M), fj, M (m)(c* ® b) =m - (c*Kb), 
I'm - C® M -> Hom(C* <g>93,M), i/ M (c <g> m)(c* <g) b) = c*(c)m • (eXb), 
for all m £ M, c S C, c* € C* and b 6 25. It is easily verified that hm and Vm are 
injective linear maps. 

Inspired by E| we propose the following 

Definition 2.3. Let M be a right C**<25-module. We say that M is rational 
if Im(/ijv/) C Im(^/). Rat(A^c"^<<8) wm be the full subcategory of Mc*x& 
consisting of rational C**<25-modules. 

Remark 2.4. If H is a coassociative bialgebra, 25 a left ff-comodule algebra and C 
a right H- module coalgebra in the usual sense, then a rational C**<25-module M 
is nothing else that a C*^<25-module wich is rational as a C*-module. Here M is 
viewed as a right C*-module via the canonical algebra map C* <—* C*X ( B. 

It follows easily from Definition 12 . 31 that a right C**<25-module is rational if and 
only if for every m € M there exist two finite sets {ci}i C C and {rrii}i C M such 
that 

(2.15) m-(c*Kb)=^c*(c i )m i -(eKb), 

i 

for all c* £ C* and b e 05. If {c' }j C C and C M are two other finite sets 

satisfying 1|2.15[) . then ^ a <E> m,i = c 'j ® m 'j: because of the injectivity of the map 

i 

vm- So we have a well-defined map 

\ M ■■ M — >• C ®M, X M (m) = y^c» ®mj, 

for all to € M. If C is finite dimensional, then any right C*^<25-module is rational. 
Indeed, we take a finite dual basis {(cj, c l )}i of C and then consider for each to 6 M 
the finite sets {cj}j C C and {to^ = m ■ (c l ^<lra)}j C M. 
We now summarize the properties of rational C* ^OS-modules. 

Proposition 2.5. Let H be a quasi-bialgebra, C a right H-module coalgebra and 
05 a left H-comodule algebra. Then: 

i) A cyclic submodule of a rational C*X ( B-module is finite dimensional. 

ii) If M is a rational C*X < B-module and N is a C*^<25 -submodule of M, 
then N and M/N are rational C*^<25 -modules. 

iii) // (Mi)i£i is a family of rational C*X.%$-modules, then the direct sum 

M = ® Mi in M.c*X<B * s a rational C*X.*B -module. 

iei 

iv) To any right C*X ( B-module M we can associate a unique maximal rational 
submodule M rat , which is equal to /x^ 1 (/to(^m)). It is also equal to the sum 
of all rational C*^<25- submodule of M. We have a left exact functor 

Rat : M c *k<b -> M C *K<B, Rat(M) = Af rat . 

Proof. In fact this is a straightforward generalization of |201 Theorem 2.1.3] and 
1 1 01 Theorem 2.2.6]. Consider an element m of a rational C**<25-module m. In 
what follows, {ci}i C C and {irii}i C M will then be two finite sets satisfying 
(l2~T5l . 
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i) Let to • (C*^<03) be a cyclic submodule of a rational C*^<Q3-module M. m ■ 
(C**<03) is generated by the finite set {rm}i, so it is finite dimensional. 

ii) Take m G N C M. Choose the Cj in such a way that they are linearly in- 
dependent. Fix j, and take c* G C* such that c*(cj) = ^ 3 -. Then AT contains 
to • (c*^<lgs) = J^c*(ci)TOi • {sxl<s) — raj, as needed. 

i 

Let to be the class in M/N represented by m G M. For all c* G C* and b G 03, we 
have that m- (c*Xb) = ^c*(ci)ml- (exb), and it follows that M/N is a rational 

C*KQ3-module. 

iii) Every to G M can be written in a unique way as 

TO = ^TOj, 

with J C I finite, and rrij G Mj. Since Mj is a rational C**<03-module, there 
exist two finite sets {cl}k Q C and {m J k }k C Mj such that 

to, • (c*K6) = 53 c *(4) m ft • (§►<&), 
ft 

for all c* G C* and b G 03. We therefore have that 

to • (c**<b) = m j ■ (c*xb) = ^ c *(4) m ft ' 
jeJ jeJ,k 

for all c* G C* and b G 03, and it follows that M is a rational C* ^OS-module. 

iv) Let M be a right C**<03-module. We define M rat = /^(Im {v M ))- 

We first prove that M rat is a right C**<03-module. Take to G M rat . Then there 
exist two finite sets {ct}i C C and {TOi}i C M such that to • (c*Xb) = c*(a)mi ■ 
(eXb), for all c* G C* and b G 03. Therefore: 

(m • (c'Kt)) ■ ((fKb') = to ■ ((c*Kb)(d* Kb')) 
= m ■ ({x\ ■ c*)(5|b hl] ■ d*)xxlb {0] b') 
= ^((ciji-xlXiici^-xlb^irni ■ (eK§|b [0] )) ■ (iKb'), 

for all to G M, c*,d* G C* and b, b' G 03. Thus to ■ (c*Kb) G M rat , hence 
Af rat is a C**<03-submodule of M. Using an argument similar to the one in the 
first part of the proof of assertion ii), we can easily check that M rat is a rational 
C**<03-module. 

Let N be a rational C*^<03-submodule of M, this means Im (/i v) £ Im (i/jv)- Then 

I^m(N) = hn(N) C Im(i/jv) C Im(i/Af), 

hence iV C //^(Im (^m)) = M rat , and we conclude that M rat is the unique maximal 
rational submodule of M. Assertions ii) and iii) show that M rat is also equal to 
the sum of all rational C*^<03-submodules of M. The proof of the final assertion 
is identical to the proof of |1U1 Theorem 2.2.6 iv)]. □ 

We are now able to prove the main result of this Section. 

Theorem 2.6. Let H be a quasi-bialgebra, 03 a left H-comodule algebra and C a 
right H -module coalgebra. The categories c M(H)<s and Ra,t(A4c*X<B) are * so ~ 
morphic, and Rat(A^c7*^<58) * s equal to dc-^^C ® 03]. 
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Proof. Recall that we have a functor 

© : C M(H)< B -» M c .*<*, <8(M) = M, 
with right C*^<03-action given by the formula 

m ■ (c*Xb) = c*(m{_ 1 j)m{o} ■ fe- 
lt is clear that <S(M) is rational as a C*^<03-module. 

Consider a rational C*^<03-module M. Then M is a right 03-module through 
m ■ b = m ■ (eXb). We define a linear map Am : M — > C ® M as follows: 

z 

if and only if 

to • (<:*►< b) = ^c*(c l )m l • (e><b), 

for all c* G C* and b G 03. It is clear that Am is well-defined. 
Fix i, and assume that 

Am (mi) = X! c i ® m i' 
j 

or, equivalently, 

mi ■ (c*xb) = c(c))m) ■ (exb), 
for all c* G C* and b G 03. Therefore we have, for all c*, d* G C* and to G M, that 
(c* ®d*<g> id M , (id c <8 A Af )(A M (m)) ■ $ A ) = c*( Ci ■ ^)cf (c* • l|)mj- • X| 

= c*( Ci ■ XDrm ■ (X 2 ■ = (m • (X{ • c*Kl s )) • (X 2 • d*KX|) 

= to • ((X{ ■ c*k1<b)(X| ■ d*xXl)) = to ■ (c*d*Kl2j) 
= c*d*(c i )m l = (c* (gid* ® id M , (A® id M ){\M{m))) , 

proving that 1|2.7|) is satisfied. (|2.8|l is trivial since m = to • (e^Klgj) for all m G A/. 
We will next prove that (|2.9|) holds. First observe that 

(to • b) • (c*Kb') = (to • (eKb)) • (c'Kf)') = to • ((ek6)(c'k6')) 
= to • (&[_!] • c*xb m b') = c*(c 4 • b [ _ 1] )(TO l • b [0] ) • (£►<&'), 

for all to G M, c* G C* and b, b' G 03. This shows that \Mijn-b) = Cfb\-t\^)mi-bm] , 
as needed, and it follows that M G c M(H)<g. 

Let rj : M — ► iV be a morphism of rational C**<03-modules. Take to G M, and 
assume that Am (m) = a mi . We compute that 

>7(m) • (c**<b) = ?j(m ■ (c*Kb)) — ^ c*(c i )r)(m l ) ■ (eXb), 

i 

for all c* G C* and b G 03. This is equivalent to Ajv"(?7(m)) = a ® r)(nii) = 
(idc®r))(\M{'m)), hence 77 is left C-colinear. It is clear that 77 is right 03-linear, so 77 
is a morphism in c .A/((-ff)<8, an d we have a functor J : Rat(7W c »^<! B ) — > c A'l(i/)<8, 
which is inverse to 03. 

The proof of the fact that Rat(A^c*^<i8) and er c »^<(g[Ccg)03] are equal is similar 
to the proof of |191 Lemma 3.9]. 

We first show that M G crc'*<<B ® ®] f° r every M G Rat(A4 c «^<< 8 ). We recall 
first that a right C**< 03-module belongs to ctc*^<b[C ® ®] if an d only if there 
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exists a set /, a right C**<03-module AT, and two C*^<03-lmcar maps i : M — > N 
and 7r : (C <g> SB)' 1 ' — * iV such that t is injective and tt is surjective. 
Let M be a rational C*K03-module. Thus M G c M{H)<s and <9(M) = M as 
right C**<03-modules. It is easy to check that i — Am : M — > C <S> M is an 
injective morphism in c A / t(i/)<8; here C ® M has the right-left Doi-Hopf module 
structure given by (|2.10l 12.11(1 . The map 

7T M : » (M) -» M, TT M {{b m ) m ) = TU ■ b m , 

is a surjective right 03-lincar map. By Proposition 12.21 it provides a surjective 

morphism idc <8> ttm '■ C <S> S^^- 1 — > C ® M in c A4(H)<s, and since 

(C ® OS)*- 17 ) in c Al(i/)<Bi w e conclude that there exists a surjective morphism 

tt: (C® B)W C®M in c M{H)<s, so M £ c7 C ,k<b[C ® ?8]. 

Take M G er^K^C ® 03]. Then we have right C*^<!B-morphisms i : M ->■ N 

and 7r : (C ® 03) — ► N such that I is injective and n is surjective. Since the right 

C**<03-module C ® 03 lies in the image of (5, it follows that C (g> 03 is a rational 

module. By Proposition 12.51 hi). (C ® 03) ^ is a rational module too and since 7r 

is surjective we deduce from Proposition 12.51 ii) that N is rational. Finally, from 

Proposition 12.51 ii) and the fact that i is injective, it follows that M is a rational 

C**<03-module. □ 

Remark 2.7. It is well-known that the category cr^[M] is a Grothendieck cate- 
gory, so it follows from Theorem E31 that c M(H)<s is a Grothendieck category, an 
observation that we already made before. 

Corollary 2.8. 3, Proposition 5.2] Let H be a quasi-bialgebra, 03 a left H-comodule 
algebra and C a finite dimensional right H -module coalgebra. Then the categories 
c Ai(H)<s and Mc*X<B are isomorphic. 

Corollary 2.9. Let M be a right-left (H, 03, C)-Hopf module. Then the following 
assertions hold: 

i) The right-left 03, C)-Hopf submodule generated by an element of M is 
finite dimensional. 

ii) M is the sum of its finite dimensional (H, 03, C)-Hopf submodules. 

Proof, i) M is a rational C*^<03-module, so the right-left (H, 03, C)-Hopf submod- 
ule generated by an element m G M coincides with the cyclic C*^<03-submodulc 
generated by m, by Theorem 12. 61 We know from Proposition 12. 51 i) that it is finite 
dimensional. 

ii) View M as a rational C*^<03-module. Obviously, M is the sum of its cyclic 
C**<03-submodules and all of these are finite dimensional right-left (H. 03, C)-Hopf 
submodules. □ 

2.4. Doi-Hopf modules and Koppinen's smash product. We begin this Sec- 
tion with some general results about corings, taken from Sec. 19 and 20]. Let 
R be a ring, and C an i?-coring. Then *C = 7?Hom(C, R) is an i?-ring, with multi- 
plication 

(y>#V)(c) = V(c (1) (^(c (2) )), 

for all tp,ip G *C. We have a functor F : M c -> M*c, F(M) = M, with 
m ■ if = m\o]ip(rn,\i]) , for all m G M and ip G *C. If C is finitely generated and 
projective as a left i?-module, then F is an isomorphism of categories. 
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Assume now that C is locally projective as a left i?-module. Then A4 C is isomor- 
phic to the category er*c[C], see [3 19.3]; observe that our multiplication on *C is 
opposite to the one from 0, so that left *C-modules in 2 are our right *C-modules. 
Take a right *C-module M. m G M is called rational if there exists ^ m, <g> a G 

C such that m ■ ip = ^mw{ci), for all p G *C. Then Rat c (M) = {rn 6 

M | m is rational} is a right C-comodule, and we obtain a functor Rat c : A4*c — > 
.M c , which is right adjoint to F. M is called rational if Rat c (M) = M, M c is 
isomorphic to the full category of A4*c consisting of rational right *C-modules. 

Now let H be a quasi-bialgebra, 58 a left ii-comodule algebra, and C a right H- 
comodule algebra. We consider the 58-coring C = 58 ® C from Section 12.21 Since 
we work over a field fc, C is projective as a fc-module, hence C is projective (and 
a fortiori locally projective) as a left 58-module. Hence we can apply the above 
results to this situation. We have an isomorphism of vector spaces 

*C = < B Hom( ( 8 ® C, 58) S Hom(C, 58). 

The multiplication on *C can be transported to a multiplication on Hom(C, 58). 
This multiplication makes Hom(C, 58) into a B-ring #(C, 58), which we will call 
the Koppinen smash product. The multiplication is given by the following formula: 

(2.16) (/#<?)(c) = i 3 A /(ci • x\) [0] g(c2 ■ x 2 J(c k ■ x{) {1] ). 

In the situation where H is an associative bialgebra, we recover the smash product 
introduced first by Koppinen in |16 | . The relation to the generalized smash product 
introduced in Section 1^731 is discussed in Proposition ^. 101 

Proposition 2.10. The k-linear map 

a: C*K<8 -► #(C,B), a(c*Xb) = f, 

with /(c) = (c*, c)b, for all c G C , is a morphism of ^B-rings. It is an isomorphism 
if C is finite dimensional. 

Proof. We have to show that a is multiplicative. Take c*Xb,d*xb' G C**<58, 
and write a(c*xb) = f, a(d*xb') = g. Using (|2.16|) . we compute that 

(f#g) (c) = xl (c* , ci • x\) b [0] (d*, ca • ) b'. 

We also have that 

(e*Kb)(<f Kb') = (xj; • C*)(^b hl] • <f)K^ [0 ,6', 

SO 

a({c*Kb)(d*Kb')) (c) = (c*,ci • i\)(d*,c2 ■ ^b [1] )x|b [0] b / , 
as needed. □ 

Take a right #(C, F)-module M. m G M is rational if there exists X) m « ® c » £ 
M ® C such that 

m-f = ^2m l f(c i ), 

i 

for all / : C — > B. M is called rational if every m £ M is rational. 
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Corollary 2.11. Now let H be a quasi-bialgebra, 23 a left H-comodule algebra, and 
C a right H-comodule algebra. Then the category c \M(H)<s is isomorphic to the 
full subcategory of M.#rc,B)> which is also equal to aMc,<8){%$ ® C)- 

2.5. Left, right and right-left Doi-Hopf modules. For the sake of complete- 
ness, we also define the other Doi-Hopf module categories. In fact, we have four 
different types of Doi-Hopf modules. The first one was already studied, namely the 
right-left version. We also have the left-right, right-right and left-left versions. 

Definition 2.12. Let H be a quasi-bialgebra, 21 a right ii-comodule algebra and 
23 a left -ff-comodule algebra. In the statements below we assume in i) and iii) that 
C is a left _ff-module coalgebra, and in ii) that C is a right if-module coalgebra, 
respectively. 

i) A left-right (H, 21, C)-Hopf module (or Doi-Hopf module) is a left 2l-module M 
together with a fc-linear map pu '■ M — ► M ® C, pM{m) = W(o) ® m (i)i such that 
the following relations hold, for all m £ M and o £ 21: 

(2.17) $ p • [pM ® id c ){pM{m)) = (id M ® A)(p M (m)), 

(2.18) (id M ® £)(pAf(m)) = m, 

(2.19) p M (a ■ m) = O( ) ■ m (0 ) ® a<i) • m (1) . 

<&M(H) C is the category of left-right (if, 21, C)-Hopf modules and left 2l-linear, 
right C-colinear maps. 

ii) A right-right (H, 21, C)-Hopf module (or Doi-Hopf module) is a right 2l-module 
M together with a fc-linear map pu ■ M — > M <g> C ', pM{m) = TO(o) ® W(i), such 
that the following relations hold, for all m £ M and a £ 21: 

(2.20) (p M ®id M )(pM(m)) = {id M <8> A)(p M (m)) • $ p , 

(2.21) («rf M ®£)(pmH) = m, 

(2.22) PM(m • a) = m (0) • O( ) ® m (1) • O(i). 

A / [(_ff)§ is the category of right-right (7L 21, C)-Hopf modules and left 21- linear, 
right C-colinear maps. 

iii) A left-left (H, 23, C)-Hopf module (or Doi-Hopf module) is a left 23-module M 
together with a left fc-lincar map Am : M — > C <g> M, Am(wi) = m {-i} ® TO{o}, 
such that the following relations hold, for all m £ M and b £ 23: 

(2.23) $ A • (A ® irf M )(A M (m)) = (ido ® A M )(A M (m)), 

(2.24) (e® id M )(X M {m)) = to, 

(2.25) A M (b • m) = b[_i] • m { _ 1} ® fa [0] • m {0} . 

^M(H) is the category of left-left (H, 21, C)-Hopf modules and left 2l-linear,left 
C-colinear maps. 

We remind that if (21, p, $ p ) is a right f/-comodule algebra then 2J° P = (2l op ,po 
m,H, ($ P ) 321 ) is a left i7°P^ c °P-comodule algebra and 21 = (21, por^ H , ($" 1 ) 321 ) is a 
left i? cop -comodulc algebra, where ra,^ : 2l®i/^i7®2tis the switch map. Also, 
if 23 is a left ff-comodule algebra then 23 op = (23 op , A, $^) is a left iJ°P-comodulc 
algebra. 
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On the other hand, if C is a left if -module coalgebra then C is a right i? op -module 
coalgebra and C cop is a right i? op,cop -module coalgebra (and vice versa). So if C is 
a right if-module coalgebra then C cop is a right iJ cop -module coalgebra. 
Having these correspondences one can easily see that 

kM{H) c Si c ' cop M(H° p ' cop )k°v, M{H)g Si C °° P M{H cop )v, 

gM(H)Si c M(H op )<3°p. 

It follows that the four different types of Doi-Hopf modules are isomorphic to cat- 
egories of comodules over suitable corings, and they are Grothendieck categories 
with enough injective objects. On the other hand, if C is finite dimensional then the 
above categories are isomorphic to categories of modules over certain generalized 
smash product algebras. More precisely, we have: 

Remarks 2.13. i) The category t^A4(H) c is isomorphic to the category of right 
modules over the generalized smash product (C cop )*^<2l op (over H° p,cop ), and 
therefore also to the category of left modules over ((C cop )* ►<2l op ) op . Is not hard 
to see that the multiplication rule in ((C cop )*K2l op ) op is 

(c*Ka)((f Ka') = (c* ■ a! (1) x 2 p ){d* ■ x 3 p )Kaa' {0) x p , 

for all c*, d* G C* and a, a' 6 St, where (c* • h){c) =c*(h- c) for all c* 6 C* , h E H 
and ceC. Therefore, under the trivial permutation of tensor factors we have that 
((C cop )**<2l op ) op = a >4 C*, the right generalized smash product between the 
right ii-comodule algebra 21 and the right -ff-module algebra C* (see [7] for more 
details). We conclude that <&A4(H) C = a >^ C ,M if C is finite dimensional. 

ii) The above arguments entail that 

M(H)g = c " aP M(H° P U Si X (C co P) .^<a - ((C co P) ,Kg D op7W, 

where the generalized smash product is over H cop . The explicit formula for the 
multiplication on ((C cop )**<2l) op is given by 

(2.26) (c*Ka) (rf'Ko') = (X 2 a' {1) ■ c*)(X 3 p ■ d*)Kl>' (0) a, 

for all c*,d* £ C* and a, a' 6 St. 

iii) Obviously, ^M(H) = M.c*^<m°vi where the generalized smash product is 
taken over H op . 

Let H be a quasi-Hopf algebra and C a finite dimensional right ii"- module coalgebra. 
It was proved in J12, Proposition 3.2] that the category M.'fj = Ad(H)^ is isomorphic 
to the category of left modules over the smash product algebra C*#iJ = C*xH . 
Now, by Remark l2.13l ii) the category is isomorphic to the category of left mod- 
ules over ((C cop )*#H ) op . The next result shows that the smash product algebras 
C*#H and {{C cop )*#H) op are isomorphic. 

Proposition 2.14. Let H be a quasi-Hopf algebra and C a right H -module coal- 
gebra. Then the map 

<p: C*#H^((C cop y#H) op , V {c*#h) = S-^^h^ 1 ) ■ c^S-H^g 2 ) 

is an algebra isomorphism. Here f^ 1 = g 1 ®g 2 is the element defined by and 
q~A = q 1 q 2 is the element q\ defined in \1.25)) . in the special case where 03 = H . 
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Proof. We first show that ip is an algebra map. Let / = f 1 ® / 2 , / _1 = g 1 <E> g 2 — 
G 1 (g>G 2 and g A = q 1 <giq 2 = Q 1 ®0 2 be the elements denned by ifTTTjl . (fTTTSfl and 
(|1.25[1 . respectively. We compute 

ip((c*#h)(d*#ti)) = (fHx 1 • c*)(a; 2 /ii • d*)#x 3 h 2 h') 

MEID [S- 1 (/ 2 q^f 1)2) (/ l2 / l ')(i, 2 )3 2 1 G 2 ) a; 1 • c*] 

[5-^/^4,1) (^(M^V^i • d*]#^- 1 (q 2 ^(/ l2 fo')2.g 2 ) 

EEO [5" 1 (q 1 £l?(/i 2 / l , ) (a , 1 )-X' 2 ^G 9 ) ■ c*]^- 1 ^ 1 ^^')!^^^ 1 )^ • <f ] 
#5- 1 (q 2 2 (/i 2 / l ')( 2 ,2)^ 3 .9 2 ) 



™H [X 2 ^ 1 (q 1 /i 1 Q 2 / l ' (2il)3 2 G 1 ) ■ c^S-^^h^g 1 ) ■ d*] 
^S-^cfhiQlh'^giG 2 ) 

Dl [X 2 5- 1 (0 2 ^ 2 « ? 2 ) 2 5- 1 (q 1 ^ 1 G 1 ) • c'l^-HQXfl 1 ) ' <*1 

#X 1 ^ 1 (0 2 fc 2ff 2 ) 1 ^- 1 (q 2 /i 2 G 2 ) 
<p{c*#h)®<p{d*#ti), 

as needed. It is clear that <^(e#lff ) = so it remains to be shown that is 

bijective. 

First we introduce some notation. Let 21 be a right _ff-comodule algebra, and define 
the element q p £ 21 ® as follows: 

(2.27) = ^ ® q 2 p = x\® S-\aXl)X 2 p . 

In the special situation where 21 = H, the element <?a will be denoted by <?a = 
q 1 ®q 2 . 

We now claim that p- 1 : {{C cop )*#H) op -> G*#H is given by the formula 

<p-\c'#h) = g l S{q 2 h 2 ) ■ c*#s a S(«%), 
for all c* e C* and heH. 

From Lemma 2.6], we recall the following formula: 

(2.28) g 2 aS- 1 (g 1 ) = S- 1 (f3). 

Let Pa — p 1 <8> p 2 be the element defined in l|1.25fl . in the special case where 
SB = H . We then compute, for all c* e C* and heH: 

p- 1 o p(c*#/i) = tp-HS-itfhig 1 ) ■ c*#S- 1 (q 2 h 2 g 2 )) 

q 2 ^ (2 ,i).9 2 G 1 5( (Z 2 )5- 1 (q 1 M 1 ) • c*#q 2 h %2) g 2 2 G 2 Stf) 

^''''■ S ''- I:it ^h {%1) X 2 glG 2 aS-^h x X^lG^ ■ c*# q 2 h {2a) X 3 g 2 

E23g051 S-Hq^iSCq?^,!)!) 1 )) • c*#q^ (2 , 2) p 2 

E2EjI2B c * #/ , 

The proof of the fact that p o = idirc c °v)*#H)°v is based on similar computa- 
tions. □ 
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Remark 2.15. The isomorphism tp in Proposition 12.141 can be defined more gen- 
erally for a left ii-module algebra A instead of a right 7J-module coalgebra C. 
Observe that H cannot be replaced by an if-bicomodule algebra A, because of the 
appearance of the antipode S of H on the second position of the tensor product. 

3. YETTER-DRINFELD MODULES ARE DOI-HOPF MODULES 

In this Section, we will show that Yetter-Drinfeld modules are special case of Doi- 
Hopf modules. We will then apply the properties of Doi-Hopf modules to Yetter- 
Drinfeld modules. 

3.1. Yetter-Drinfeld modules over quasi-bialgebras. The category of Yetter- 
Drinfeld modules over a quasi-Hopf algebra H was introduced by Majid, as the 
center of the monoidal category h-M- His aim was to define the quantum double 
by an implicit Tannaka-Krein reconstruction procedure, see |17j . From 0, we recall 
the following more general definition of Yetter-Drinfeld modules. 
The category of (H, iJ)-bimodules, hM-h, is monoidal. The associativity con- 
straints a.'u,v,w '■ (U ® V) ® W — ► U <g> (V <g) W) are given by 

(3.1) a.'u,v,w{{u ® v) ® w) = $ • (u ® (v ® w)) ■ 

for all U,V,W £ h-M-h, u £ U, v £ V and w £ W. A coalgebra in the category 
of (H, )-bimodules will be called an if-bimodule coalgebra. More precisely, an 
ff-bimodule coalgebra C is an (if, i?)-bimodule (denote the actions by ft ■ c and 
c • ft) with a comultiplication A : C — > C ® C and a counit e : C — > fc satisfying 
the following relations, for all c G C and ft 6 iJ: 



(3.2) ^(Afg-MfcXAfc))-^ 1 = (i<fc<S>A)(A(c)), 

(3.3) A(ft ■ c) = fti • ci <8> /12 • C2, A(c ■ h) = c\- hi ® C2- h 2 , 

(3.4) (e ® id c ) oA = (idc ®e)oA = «g?c, 

(3.5) e(h ■ c) = e(h)e(c), e(c • ft) = e(c)e(ft), 



where we used the same Sweedler-type notation as introduced before. 
For further use we note that an ii-bimodule coalgebra C can be always viewed as 
a left H op (g) if-module coalgebra via the left H op <E> if-action given for all c £ C 
and ft, ft' G i? by 

(3.6) (ft (8) ft') • c = ft' -c-ft. 

Definition 3.1. (0) Let _ff be a quasi-bialgebra, C an _ff-bimodule coalgebra and 
A an _ff-bicomodule algebra. A left-right (i? , A, C)-Yetter-Drinfeld module is a 
fc-vector space M with the following additional structure: 

- M is a left A-module; we write • for the left A-action; 

- we have a fc-linear map pu '■ M — ► Af (g> C, pm(">ti) — Tn(o) ® >n>(i), called 
the right C-coaction on M, such that for all m £ M, £(?B(i))w(o) = m and 

{0 2 ■ TO( ))(o) ® (<? 2 ' m ( o))(i) ■e 1 ®e z ■ m (1) 

(3.7) = £ p • (i| ■ m) (0 ) ® ip • (x^ • m) (1)i -x{®x a p - (x\ • m) (1)a ■ ^, 

- for all u 6 A and m £ M the following compatibility relation holds: 

(3.8) u <0 > • m (0) ® u<i> • m ( i) = («[o] • m)( ) ® ("[o] ■ m)(i) • 

&yD(H) c will be the category of left-right (7?, A, C)-Yctter-Drinfeld modules and 
maps preserving the A-action C-coaction. 
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We have seen in Section lL^l that H is an ii-bicomodule algebra; it is also clear that 
H is an ii-bimodule coalgebra (take A = A and e = e). If we take H = A = C in 
Defmition l3.ll then we recover the category of Yetter-Drinfeld modules introduced 
by Majid in ^7], and studied in 0J[Sj. It is remarkable that a quasi-bialgebra H 
is a coalgebra in the category of ii-bimodules, but not in the category of vector 
spaces, or in the category of left (or right) ii-modules. 

Let H be a quasi-bialgebra, A an 77-bicomodule algebra and C a left iJ-module 
coalgebra. It is straightforward to check that C with the right fZ-module structure 
given by e is an £/-bimodule coalgebra. Then i)3. 7fl and i|3.8fl reduce respectively 
to (|2.17|l and (|2.19l) . in which only the right ff-coaction on A appears. So in this 
particular case the category A M(H) C is just A y>D(H) c . 

In order to show that the Yetter-Drinfeld modules are special case of Doi-Hopf 
modules we need a Doi-Hopf datum. As we have already seen, an f/-bimodule 
coalgebra C can be viewed as a left H° p <g> if -module via the structure defined 
in l|3.6|l . In order to provide a right H° p £g> ii-comodule algebra structure on an 
ii-bicomodule algebra A, we need the following result. 

Lemma 3.2. Let H be a quasi-Hopf algebra and (25,A, <!>>) a left H-comodule 
algebra. Then 25 is a right H op -comodule algebra via the structure 

(3.9) p: 23 -> 25 g> H, p(b) = b [0] ® S^^-i]), 

(3.10) $ p = xl ® S~\fxl) <g> S-^fxl) e 23 ® ii ® iJ, 

where f 1 ® f 2 is the Drinfeld twist defined in 11.11)) . Moreover, if (23, A, <&\) and 
(23, A', (&A') are twist equivalent left H-comodule algebras then the corresponding 
right H op -comodule algebras are also twist equivalent. 

Proof. The relation (|1.14|) follows easily by applying l|1.18fl and i|1.10f) . and the 
relations l|1.16l H~T7jl are trivial. We prove now l|1.15fl . Since $ op = <I>~ 1 we have 

Xffi ® x 1 - op (X 2 ^ - op f p 3 ® x 2 - op (X 2 ) 2 - p Y 3 ® x 3 - p X 3 p 

x\yl®S-\F 2 yl)S-\f 2 xlW 

®S-\F 1 y\)S-\f 2 xl) 2 x 2 ® S-Hfx^x 3 

™ x lf x ®s-HS(xi)F 2 fUzlhyl) 

®S- 1 (S(x 2 )F 1 f*(xl)iy{) ® S-^Six 3 )^) 

®S-\f 2 F^x 2 {x 2 x ) 1 yl) ® S-^Fl^Si) 
E^EM yl(xl)[o] ® ^ 1 (^ 2 ^) -op 5-H(^) h i]) 

®s- 1 (f 1 ^)i - op s-^/M) ® ^(f 1 ^ -op s-H/^i) 
En P 21 ^(^)<o> ® x 2 - op (y; 1 )^ ® (y 3 )i - op r p 2 ® (1 3 ) 2 - op f p 3 , 

where we denote by - p the multiplication of H° p and by F 1 ® F 2 another copy of 
the Drinfeld twist /. 

Finally, it is not hard to see that if the invertiblc clement U = U 1 ® U 2 G ii ® 25 
provides a twist equivalence between the left ii-comodule algebras (23, A, $>) and 
(Q5,A',$a') then the invertible element V = U 2 ® S' _1 (U 1 ) <E 23 ® ii provides a 
twist equivalence between the associated right ii op -comodule algebras (25, p, $ p ) 
and (25, p', 3> p '), respectively. □ 
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Proposition 3.3. Let H be a quasi-Hopf algebra and (A, A, p, <£% ®\,p) an H- 
bicomodule algebra. We define two right H op ® H-coactions 

p llP2 : A -► A ® (H op <g> H) 

on A, and corresponding elements $ Pl ,&p 2 € A<£> (H° p ® H) <Z> (H op ® H) as follows: 

(3.11) pi(u) = u (0)[0] (8 (5 _1 («{o) hll ) ® «(i>) , 

(3.12) ® (s-HfHxD^xie 1 ) ® I 3 ) , 

and 

(3.13) p 2 (u) = u [0 ] <0) ® (V 1 ^!]) ® W[ ] w ) , 

$ P2 = (x^o^e^ ® (fir-^/^e 1 ) ® (xl) {1)l x 2 p e 2 {1) ) 

(3.14) ® (V 1 ^^) ® (xl) {lh X 3 p Q*) . 

Then (A, pi, $ Pl ) and (A, p2, $p 2 ) are twist equivalent right H° p ® H-comodule al- 
gebras. 

Proof. The statement follows from Lemma 13.21 Indeed, we have seen at the end of 
Section^that A has two twist equivalent left H ® iJ op -comodule algebra structures. 
Identifying [H ® H op )° p and H op ® 7J, and computing the induced right coactions 
we obtain the structures defined in (|3. 1113. 1411 . We point out that the reassociator, 
the antipode and the Drinfcld twist corresponding to H ® H° p are given by 

$ ff(8H op = (X 1 ® x 1 ) ® (X 2 ® x 2 ) ® (X 3 ® x 3 ), 

SflW»p = ^ ® S- 1 , /ffgffop = (Z 1 ® S" V)) (/ 2 ® s-V))> 

where, as usual, g 1 ® g 2 is the inverse of / = f 1 ® f 2 . □ 

Let H be a quasi-Hopf algebra, C an /f-bimodule coalgebra and A an if-bicomodulc 
algebra. In the sequel, A 1 and A 2 will be our notation for the right H° p ® H- 
comodule algebras (A,pi,$ Pl ) and (A,p2,$ P2 ). By the above arguments, it make 
sense to consider the left-right Doi-Hopf module categories ^iJv[{H op ® H) c and 
A2A4(H op ® H) c . It will follow from Proposition 13 . 41 that these two categories are 
isomorphic. 

Proposition 3.4. Let H be a quasi-bialgebra, C a left H -module coalgebra and 
21 1 = (21, p, $ p ) and 2l 2 = (21, p',$ p /) two twist equivalent right H-comodule alge- 
bras. Then the categories %iA4(H) and <%2A4(H) C are isomorphic. 

Proof. If 21 1 and 2l 2 are twist equivalent, then there exists V £ 21 ® H satisfying 
ljl.2ai.24p . Take M £^iM(H) c ; M becomes an object in ^M{H) C by keeping 
the same left 2l-module structure and defining 

p' M : M M ® C, p'(m) = V • pm(to). 

Conversely, take M G %2M(H) C via the structures • and p' M . Then M can be 
viewed as a left-right (_ff, 21 1 , C)-Hopf module via the same left 2l-action ■ and the 
right C-coaction pm defined by 

p M : M -► M ® C, p M {m) = V" 1 • p' M (m). 
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These correspondences define two functors which act as the identity on morphisms 
and produce inverse isomorphisms. □ 

Remark 3.5. Let H be a quasi-bialgebra, and F G H <S> H a gauge transformation. 
We can consider the twisted quasi-bialgebra Hp (see Ijl. 711.811 ). and it is well-known 
that the categories of left -ff-modules and left -ffp-modules are isomorphic. We have 
a similar property for Doi-Hopf modules. 

Let (21, p, $ p ) be a right iJ-comodule algebra, and let <J> PF = (la ® F)$ p . Then 
21f := (2l,p, $ PF ) is a right iTp-comodule algebra, see pH] . 

Now let C be a left ii-module coalgebra, and define a new comultiplication A F as 
follows: A F (c) = FA(c), for all c G C. Then straightforward computations show 
that (C,A F ,e) is a left -ffp-module coalgebra and that the categories <%A4(H) C and 
% f M(Hf) Cf are isomorphic. Of course, a similar result holds for left comodule 
algebras. 

3.2. Yetter-Drinfeld modules and Doi-Hopf modules. Our next aim is to 
show that the category of left-right Yetter-Drinfeld modules A yD(H) c is isomor- 
phic to the category of Doi-Hopf modules ^M(H° V ® H) c and, a fortiori, to 
ai M(H op ® H) c , by Proposition 13.41 We have divided the proof over a few lem- 
mas. 

Lemma 3.6. Let H be a quasi-Hopf algebra, A an H -bicomodule algebra and C an 
H -bimodule coalgebra. We have a functor 

F: A yD{H) c -> A 2M{H op <g> H) c 

which acts as the identity on objects an morphisms. If M is a left-right (H, A, C)- 
Yetter-Drinfeld module then F(M) = M as a left A-module, and with the newly 
defined right C-coaction 

(3.15) /4f( m ) = m (o)' ®m {1) , = (p\ -m)( ) ® (p{ • m )(i) ■ Ph 
for all m £ M. Here p\ = P\®P\ is the element defined by 1^1.25)) . 
Proof. It is not hard to see that (|1.33(l and (|1.5(l imply 

(3.16) eyi ® Qf^pls-He 1 ) ® e 3 = # 2 (p 2 ) (0) ® ^pi ® ^ 3 (^ )(1) . 

We now show that F(M) satisfies the relations (I2.17I2.19|I . Let Pl®P\ be another 
copy of px, and compute 



$P2 ' (p'm ®idc){pM{m)) 



(x 3 ) (0) X p 8 2 0) • (P 2 • (p 2 .m) (0 ))(o) 

®{i\) {1)l x 2 P ®l) ■ ( p x ■ (pI ■ m W(D • Pls-Hfile 1 ) 

®(i 3 ) (1)2 X p 8 3 • (Pi ■ m) (1) • piS-^/^i) 



(^)(o)X p -(^(P^) <or (pi-m) ( o)) ( o) 



(£ 3 ) (1)l lJ • (0 2 (P 2 ) (O) • (p 2 • m) (0) ) (1) • 9^PlS-\fx\) 



,%3 



(i 3 A ) (1)2 X/ 3 (P 2 ) (1) • (p 2 • m) (1) -f^S-^/^i) 
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™g™ (Pi ■ m) (0) ® (p 2 • m) (1)i • (p^ ® (p 2 . m)(1)a . (pi) 2 
E3E03 TO(0) , ® m (1) £ O m ( i)£ = (td M ® A)(p' M (m)), 

for all m € M, as needed. The relation i|2.18|l is trivial and l|2.19[) follows from 
ifOSjl . and (E3. □ 

Lemma 3.7. Let H be a quasi- H op f algebra, C an H -bimodule coalgebra and A an 
H -bicomodule algebra. Then we have a functor 

G: A 2M(H op ® Hf ^ A yD(Hf 

which acts as the identity on objects and morphisms. Let M be a left-right (H op ® 
H,A 2 ,C)-Hopf module, with left A-action ■ and right C-coaction p' M , p' M (m) — 
Tri(o)' ® m (i)' S M ® C. TTien G(M) = M as a left A-module, with new right 
C-coaction ~p M : M — ► M ® C, given by the formula 

(3.17) p M ( m ) = m Jo)® m Jr) = (€)<o) • m (oy ® (?a)<i) ■ m (1 y • S^ 1 ^), 
/or aZ/ m E M . Here q\ = q\ ® g 2 is i/ie element defined in 

Proof. The most difficult part is tho show that G(M) satisfies the relations (|3.7[) 
and fl3~5|) . M is a left-right (iJ, A 2 , C)-Hopf module, so we have by ifTTTj) . flXlH 
EH and JTT3: 

^((•^)<o)0 2 ) ( o) -m^o), ®l'((^) (0) e 2 ) (1) -m (0il) , -s-H/^ie 1 ) 

(3.18) ®A^(i A ) (1) e 3 • m ( i)' • S-^fxl) = m (oy ® m (1) ^ (g) m ( i^, 

(3.19) (u • m)( )' ® (u • m)(i)/ = u [0 ] (0> • m (0) , ® u [0]<1) • m (1 y • S^Vl-i]), 

for all m£ M and u E A. Also, (|1.33|) and (|1.5|) imply that 

(3.20) s^ 1 )?^ ® q\o 2 m ®e 3 = qle 1 ® ($)<„> e 2 ® (^e 3 . 

Let ® Qa be another copy of <7a; for all m S M, we compute that 

Q2 ™ 1 o //)2 ™ \ o /j3 



(Q 2 2 o] (g 2 ) (o)[o])(o) . m(0)0) , ® (Qlef Q] (qt) {0)[0] ) {1) ■ m^,!)' 

•« 4 Wi»[-i](^){o) M ) 51 ®^ 3 (?a)<i> -m (iy ^-Hal) 

((Q A (€)[o])(o)© 2 )<o) • m (0l0 )' ® ((<9a(€)[o])<o)© 2 )(i) ■ W(o,i)' 

■s-HQKqiy^e 1 ) ® (Qa^~a)[q])<i>© 3 • m (iy • s- 1 ^) 



l3~T71 
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®(^(2x)[o])(o,i)^ • TO (i)i ' S_1 («a( 5 a)[-1])i£a 
®(^(£a)[o])(i>5p • m (iy, ■ 5 -1 (?a(5a)[-i])25a 

®ip • ((<7a)<i> • (xl ■ m) {1 y ■ S-\q{)) L ■ x{ 

®5? P ■ (($)<!> • (xl ■ m) (1 y ■ S- 1 (q 1 x )) 1 ■ x\ 

%)> ■ (*A • m )jfi)® i2 p ■ ( 5 A • m )jt) 1 ■ 5 A ® ^p • (*A • m )(T) 2 • ^A ' 

as needed. (|3.8|l also holds since 

< 3.17 | 1.27 | (g2 U[0 0] ) (0) . TO(0) , ^ (<gu [0 ,o])<i) • m (1 y • S'" 1 (^U[o,-i])w[-i] 

" l<il (<Za)<o) • ("[0] • m) {oy ® (gf) (1> • (u [0] -m)(iy • S' - 1 (g^)^— l] 

( W M - m )(oy® ( u [o] ■ m )(i)-"[-i]. 
for all u G A and to G M. The remaining details are left to the reader. □ 

Theorem 13.81 is the main result of this Section, and generalizes |8, Theorem 2.3] to 
the quasi-Hopf algebra setting. 

Theorem 3.8. Let H be a quasi-Hopf algebra, A an H -bicomodule algebra and C 
an H-bimodule coalgebra. Then the categories &yD(H) c and &2 M. (H° p (g) H) are 
isomorphic. In particular &yD(H) c is a Grothendieck category, and therefore it 
has enough injective objects. 

Proof. We show that the functors F and G from Lemmas 13 . 61 and 13 1 71 are inverses. 
Since F and G act as the identity functor at the level of A-modules we have only 
to show that F and G are inverses at the level of C-coactions. 
Let M G AyF>(H) c and p^(m) = TO(o) <8> mm its right C-coaction. We denote 
by Pa/( to ) = m (oy ® TO (i7 ^ n e right C-coaction of G(F(M)) obtained using first 
Lemma 13. 61 and then Lemma f3. 71 For all m G M we then have 
13.171 f~2 \ . . ^ r~2 \ . ™ . . c-i/^i N 



PmM L ^- 1 («a)<o) ■"*«))' ® («a)(i> -™(i)' -5 («x) 

E 3 SJ (€)<o) • • m) (0) ® (?D(i> ' (Pa ' ™)(D ■ ^(el) 
((^) [0] ^ • m) (0) ® m) [0] Pi ■ m) (1) • 



TO (o) ® m (1 ) = PAi(m). 

Conversely, let M G A 2M(H op ® i/) c and denote by p' M (m) = mmy TOny its 
right C-coaction. If pu(jn) — W(o) ® is the right C-coaction on F(G(Mj) 
obtained using first Lemma 13.71 and then Lemma 13.61 we have 
13.151 ( ~2 . m \ ^ i ~2 . ^ ~i 



Pm (m) (p^ . m ) w g (p2 . m )_ . pi 

™ (€)<o> • (Pi ■ m) (0 y ® («5)<i> • ■ m)(iy • S^UPa 

™ («5(Pa)[o])<o) • m (0 y ® (9l(p 2 A )[o])(i) ' m ( i)/ • ^(gK^M])^ 



TO (0) , (g) TO (1) , = p M (TOj, 



26 



D. BULACU, S. CAENEPEEL, AND B. TORRECILLAS 



for all to G M, so the proof is finished. □ 

Let H be a quasi-bialgebra, 21 a right i7-comodule algebra and C a left ii-module 
coalgebra. Identifying the category of left-right (H , 21, C)-Hopf modules to the 
category of right-left (iJ op,cop , 2J. op , C cop )-Hopf modules using the construction pre- 
ceding Proposition 12. 21 we obtain the functor, after permuting the tensor factors: 

T' = *®C: % M^<aM{H) c . 

If M is a left 21- module then .F'(M) = M <g> C with structure maps 

a • (m ® c) = a( ) ■ m ® 0(i) ■ c, 

PAf(TO ® c) = • TO (g) S p • Cj_ ® Xp • C2 , 

for all a G 21, to G M and c 6 C. For a morphism u in <nAi, we have that 
J-"'(v) — v <S> idc- In particular, we obtain that 21 ® C is a left-right (iJ, 21, C)-Hopf 
module. 

Moreover, JF' is a right adjoint of the forgetful functor U c : %M.(H) C — > and 
it is a left adjoint of the functor Hom§(2l(8> C, •) : ^M{H) C — > a.A/( defined as 
follows. For M £ kM{H) c ', Homg(2i <g> C, »)(M) = Homg(2I <g> C, M), the set of 
morphisms in <&A4(H) C between 21 ® C and M, viewed as a left 2l-module via 

(a • 77) (a' (8> c) = 77(0' a €5 c), 

for all 77 G Hom£(2l (g> C, M), o, a' G 21 and c G C. The functor Homg(2l (g> C, •) 
sends a morphism k from %M.{H) C to the morphism h- > k o §. 

Corollary 3.9. Let H be a quasi-Hopf algebra, A an H -bicomodule algebra and C 
an H -bimodule coalgebra. We have a functor 5 = • €5 C : a-M. — > f,yD{H) c . The 
structure maps on $(M) — M ® C are the following: 

u • (to <g> c) = U[o] <0> • to (8 u[ ] (1) • c • 

~ 3 ~3 

PM®c{m <8> c) = (O ) 5 p((9a)[o]^a)(o) • ™ ® ^i) 5 p((9a)[o]^a)(i)i ■ C I 

•^ 1 ^\?l)[-i]^A5 2 )®^ 3 5p((9l)[0]^A)(i) 2 -C2-5- 1 ( g lll 5 1 ), 

/or all u <E A, m e M and c G C. Ttt, particular, A ® C is a left-right (H,A,C)- 
Yetter-Drinfeld module. Moreover, the following assertions hold: 

i) ^ is rig/it adjoint to the forgetful functor il : &yD(H) c — ► a-M. 

ii) ^ is Ze/t adjoint to the functor Hom^(A ® C, •) : AyD(H) C ~ * aM. If 
M G A yD(H) c then Hom^(A <g> C, »)(M) = Hom£(A <g> C, M), i/ie set 0/ 
Yetter-Drinfeld morphisms from A (g> C to M, viewed as a right A-module 
via the action 

(u • rf)(u' ® c) = rj(u'u ® c), 
/or a// 77 G Homf (A ® C, M), u,u' E A and c E C . 
Proof. The functor J is well defined because it is the composition 

where J 7 ' is the functor described above but now for the context given by 
I3.14fl . and G is the functor from Lemma 13.71 All the others details are left to the 
reader. □ 
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Let H be a quasi-bialgebra, 21 a right 77-comodule algebra and C a left ii-module 
coalgebra. Since the category <&M(H) C can be identified to a category of right-left 
Doi-Hopf modules it follows that <^Ai(H) c is isomorphic to a category of comodulcs 
over the coring C = C 21, with 2l-bimodule structure given by 

a • (c (gi a') • a" = am • c ® a/o)a'a" 

and comultiplication and counit given by 

A C '(c® a) = (x 3 p ■ c-2® la) ®a (ip ■ ci ® ipa), e C '(c<8> a) = e(c)a 

for all o, a', o" S 21 and c 6 C. Using arguments similar to the ones given in 
Theorem 5.4], one can easily check that <&M.(H) C is isomorphic to c Ai. 

Corollary 3.10. Let H be a quasi-Hopf algebra, A an H -bicomodule algebra and 
C an H -bimodule coalgebra. Then the category of left-right Yetter-Drinfeld modules 
AyD(H) c is isomorphic to the category of left comodules over the coring €! — C®A, 
with the following structure maps. The A-bimodule is given by 

U-(c®li')- u" = U [0]{1) ■C-S~ 1 (U[_x]) <g>U[o] (0> uV', 

and the comultiplication and counit are defined by the formulas 
A c ,(c ®u)= (6 3 x 3 p (xl) {1)2 ■ C2 ■ S-^Jtlg 1 ) ® 1 A ) 

® A (e 2 {1) x 2 p (x 3 x ) Wl ■ c\ ■ s^ 1 {o 1 x\g 2 ) ® e\ Q) x l p {xl) {0) u) , 

£c(c ® it) = e(c)u, 
for all u, u' ', u" 6 A and c G C. 

Proof. This is a direct consequence of the above comments and Theorem 13.81 □ 

3.3. The category of Yetter-Drinfeld modules as a module category. Our 

next aim is to describe the category of Yetter-Drinfeld modules as a category of 
modules. We will need the (right) generalized diagonal crossed product construc- 
tion, as introduced in [T4ll7|. 

Let H be a quasi-bialgebra and A an ii-bicomodule algebra. In the sequel, A 
will be an iJ-bimodule algebra. This means that A is an iJ-bimodule which has 
a multiplication and a usual unit 1 A such that for all (p,ip,£, G A and h G H the 
following relations hold: 

= (X 1 ■ <p- x^X 2 ■^■x 2 )(X 3 -Z- x% 

h ■ ((pil;) = (hi ■ <p){h 2 ■ r/>), ((pip) ■ h = (tp ■ hi)(ip ■ h 2 ), 

h-l A = s(h)l A , 1a- h = e(h)\ A . 

If H is a quasi-bialgebra, then H*, the linear dual of H, is an iJ-bimodule via the 
iJ-actions 

(h (p, h') = <p(h'h), (<p ■<- h, h') = ip(hh'), 

for all cp 6 H*, h,h' E H. The convolution (ipip,h) = (p(hi)ip(h 2 ), <p,ip £ H* , 
h € H, is a multiplication on H* which is not associative in general, but with this 
multiplication H* becomes an f/-bimodule algebra. 

Let H be a quasi-bialgebra, A an ii-bimodule algebra and (A, A, p, <J> p , $a,p) an 
iJ-bicomodule algebra. In the sequel (6, ^f) will be the pair 

Si = (A® id H ) o p, 

*. = (*d H ® A ® id® 2 ) (($ A ,p ® 1h)(A ® zrfl 2 )^; 1 )) [*a ® If- 2 ], 
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or 

5 r = (idn ® p) o A, 

= (idf 2 (8 p <8> ® ^)(id| a ® p)(*a)) [iff <8> S^" 1 ]. 

^i ( / r ,^fl i/r S if® 2 ® A (g) i?® 2 are defined by the following formulas 

ftL t/r = {idf ® *d A ® 5- 1 ® s- 1 )^*) • [iff ® i A ® s-H/ 1 ) ® s _1 (/ 2 )]> 

Q K(/r = ® S- X {g 2 ) ® 1 A ® 1| 2 ] ■ ® S" 1 ® zd A ® zdf 2 )(* //r ). 

Here / = J 1 ® / 2 is the Drinfeld twist and / _1 = g 1 ® g 2 is its inverse. We will use 
the notation 

Let .4 Ma, A and A ^-4 5,. A be the vector space ,4® A furnished with the multipli- 
cation given respectively by the following formulas: 

(tp XI u)(ip IX u ) 

(3.21) = (Qi, • p • n*,)^*^ • ^ • s- 1 (tx ( i>)ni ! ) m ni.uwtojt*', 

(3.22) = (n\ r ■ v ■ nljin^u^ ■ 4, ■ s-\u m{1) )n\ r ) niu mw u', 

for all (p,ij) G A and it, it' 6 A. We write ip XI it (respectively 95 ^ it) for ip®u con- 
sidered as an element of .4 XI^ A (respectively 4 ^ <5 r A). A txis, A and A >M a,. A 
are isomorphic associative algebras with unit 1^4 XI 1a (respectively I.4 ^-4 1a), 
containing A = I.4 X A (respectively A = 1_4 ^-4 A) as unital subalgebra. These 
algebras are called the left generalized diagonal crossed products. 
The right generalized diagonal crossed products are introduced in a similar way: 
denote 

and let A x^, A and A ^-4 ^.4 be the vector space A(g)^4 with the following product: 

(u x Lp){u' x ijj) 

(3.23) = uu' {0)[o n% x (o^s-V^) ■ <p ■ ^^X^, ■ $ ■ n 5 Ri ), 

(u tp)(u' >~4 V) 

(3.24) = uu| 0](0) O| r X (fi^S" 1 ^-!]) ■ V ■ ujo],/^)^ • V • 0| r ), 

for all it, it' £ A and ip,i/j £ A. A tx^, 4 and A ^ j r >4 are isomorphic associative 
algebras with unit 1a x 1_4 and 1a 1.4, containing A as a unital subalgebra. 
As algebras, the left and right generalized crossed product algebras are isomorphic, 
see ^JC]. H H is a quasi-Hopf algebra then A = H* is an i7-bimodule algebra. 
In this particular case the left and right generalized diagonal crossed products are 
exactly the left and the right diagonal crossed products constructed in • I* 1 this 
way Hausser and Nill gave four explicit realizations of D(H), the quantum double 
of a finite dimensional quasi-Hopf algebra H. Two of them are build on H* ®i? and 
the other two on H®H* . All these are, as algebras, diagonal crossed products. The 
first two realizations built on H* ® H coincide to H* Ma, H and H* ^ s r H, and 
the last two realizations built on H ® H* coincide to H 1x5, H* and H ^ s T H* . 
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Proposition 3.11. Let H be a quasi-Hopf algebra, A an H -bicomodule algebra 
and C an H-bimodule coalgebra. Then A 1 X C* = A txs t C* and A 2 >^ C* = 
A ^ 8 T C* , as algebras. In particular, the algebras A 1 >^ C* and A 2 >^ C* are 

isomorphic to each other, and also to the four generalized diagonal crossed products. 

Proof. Keeping the above concepts and notations it is not hard to see that for an 
H- bicomodule algebra A the reassociators $ Pl and $ P2 defined in (|3.12() and l|3.14|l . 
respectively, can be rewritten as 

where we used the notation 

Now, if C is an ff-bimodule coalgebra viewed as a left H° p ® 7J-module coalgebra 
via the structure defined in (|3.6|) then C*, the linear dual space of C, is a right 
if op (g) _ff-module algebra. The multiplication of C* is the convolution, that is 
(c*d*)(c) — c* (ci)d* (02) , the unit is e and the right if op <g> H- module action is given 
by the formula (c* • (h <g> h'))(c) = c*(h' ■ c-h) = (h c* h')(c), for all h, h! G if, 
c*,d* G C*, ce C. 

Since A 1 / 2 are right H° p ff-comodule algebras and C* is a right H° p (g> i?-module 
coalgebra, it makes sense to consider the right generalized smash product algebras 
A 1 / 2 C* (cf. Remark 157151 i)). It also follows easily from Remark I27T3I i) that 
the multiplication on A 1 >4 C* is given by 

(it c*)(u' cf ) 

= W (0)[o] r> 3 fli ® (n^s-^u'^) - c * - u'^ni,)^ - cf - n^,). 

On the other hand, it is easy to see that the linear dual space C* of an iJ-bimodule 
coalgebra C is an ii-bimodule algebra. The multiplication of C* is the convolution, 
the unit is e and the ii-bimodule structure is given by the formula (h — c* J — 
h')(c) = c*(h' ■ c ■ h), for all h,h' G H, c* G C*, c G C. So we can consider the 
generalized right diagonal crossed product A tx^ C*. From (|3.23|1 it follows that 
the multiplication rule on A 1x1,5, C* coincides with the multiplication of A 1 >^ C* , 
hence the algebras A txis, C* and A 1 X C* are equal. In a similar way we can 
show the equality of the /c-algebras A 2 >4 C* and A $ r C* . □ 

Remark 3.12. It was shown in |Jj that the left generalized crossed product algebras 
A cxia, A and A ^-4 5 r A coincide with the left generalized smash product algebras 
AxAi and AXA2, respectively. The generalized smash products are made over 
H®H° V and by Ai and A2 we denote the left i?Cg)-ff op -comodule algebras structures 
on A defined at the end of Section 

Let H be a quasi-bialgebra, 21 a right ii-comodule algebra and C a left iJ-module al- 
gebra. Viewing the category %M.(H) C as a category of right-left Doi-Hopf modules, 
we deduce from Theorem l2 . fil that <&A4(H) C is isomorphic to the category of rational 
21 C*-modules, Rat (a >^ C «.M), and that Rat( a >^ C ,.M) = >^ c , [21® C]. 
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A rational 21 >^ C* -module is a left 21 X C*-module M such that for any m £ M 
there exist two finite families {ci}i C C and {rrii}i C M such that 

(a X c*) ■ m = c*(ci)(a X e) ■ m,, 

for all a £ 21 and c* E C* . 

Corollary 3.13. Let H be a quasi-Hopf algebra, A an H -bicomodule algebra and 
C an H -bimodule coalgebra. Then the following assertions hold: 

i) The category of left-right Yetter-Drinfeld modules A 3^D(i7) c is isomorphic 
to the category of rational A ^-4 s r C* -modules Rat( A ^ C *A4), which is 
also equal to the category cr A ^ 5 [A ® G\ . 

ii) J/ C is finite dimensional then &yD(H) c is isomorphic to the category of 
left C* iX5j A-modules. 

Proof. The assertion i) follows easily from the above comments and Theorem 13. 81 
ii) If C is finite dimensional then Rat( A ^ { C *M) — A ^ { C *.M. Moreover, 
A s r C* is always isomorphic to C* \Xg t A as an algebra. We note that another 
proof of this result can be found in 0. □ 
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